Within a model of variable supply of capital due to international mobility and variable labor supply due to endogenous labor-leisure choice, we revisit the issues of vertical …scal externalities, and of federal tax-transfers. Capital and labor taxes by federal and state governments …nance the provision of federal and of state public consumption goods. When capital and labor are substitutes in production, we show that (i) the state's optimal policy calls for capital and labor taxes, (ii) the vertical …scal externality can be reversed from negative, implying ine¢ ciently high non-cooperative capital taxes, to positive, implying ine¢ ciently low non-cooperative capital taxes, and (iii) under centralized leadership the federal government replicates the second best optimum with a capital tax, and possibly, top-down transfers.
Introduction
More often than not, in a federal economic system, e.g., the US, the EU or Canada, decentralized, i.e., regional or national, …scal policies may in ‡uence the …scal actions of other regional/national, or even federal authorities. For example, a prevalent feature in federal economies is the co-sharing or the co-occupancy of the same tax-bases between the di¤erent levels of …scal authority, e.g., between di¤erent tiers of government, such as federal (high-level) and state (low-level). This co-sharing of tax-bases potentially gives rise to a so-called "common pool problem" whereby tax decisions by one level of government a¤ect tax-payers decisions, which in turn a¤ect the shared tax-bases. In this way, changes in state taxes can entail non-negligible e¤ects on federal budgets and vice-versa.
In the core of this common pool problem two issues of importance are the so-called vertical …scal externalities and bottom-up or top-down …scal transfers, or else negative or positive …scal gap.
Understanding the interaction of tax revenues and tax rates between federal and state governments is a signi…cant issue in the design and implementation of federal tax systems.
Vertical …scal externalities arise when state governments levy taxes discounting the e¤ect on federal tax revenues and consequently the e¤ect on other states in so far that the latter are entitled to a share of the federal tax revenues. 1 A pivotal conclusion of the relevant literature which considers models with a single factor in variable supply is that when tax-bases are shared among di¤erent tiers of government, and tax rates are speci…c, the emerging vertical …scal externalities are negative, implying ine¢ ciently high non-cooperative speci…c taxes, e.g., Boadway and Keen (1996) , Keen (1998), Boadway et al. (1998) , Hoyt (2001) , Keen and Kotsogiannis (2002, 2004) , Köthenbürger (2004) , and Boadway and Tremblay (2012) . 2 With ad valorem taxes, however, the vertical …scal externality can be either positive or negative, e.g., Dahlby and Wilson (2003) , Kotsogiannis and Martinez (2008) , Karakosta (2010) , and Sas (2017). 3 1 Vertical …scal externalities di¤er from horizontal …scal externalities, the latter is due to the tax competition among state governments which results to horizontal mobility of tax-bases among them, e.g., Bucovetsky and Wilson (1991) , Wilson and Wildasin (2004) , Ogawa et al. (2016) . While horizontal …scal externalities are likely to lead to low state taxes, the vertical …scal externalities usually lead to high state taxes. 2 For a survey on vertical …scal externalities see, among others, Keen (1998) . 3 An extensive empirical literature attests to the prevelance of vertical …scal externalities in federal …scal systems. Hayashi and Boadway (2001) provide evidence for the existence of both vertical and horizontal externalities in the case of the Canadian business income taxes. Esteller-Moré and Solé-Ollé (2002) estimate vertical income tax externalities in the setting of income taxes in Canada. Brülhart and Jametti (2006) show that vertical externalities dominate horizontal ones in the setting of Swiss municipalities local taxes. Devereux et al. (2007) study USA state and federal excise taxes on cigarettes and gasoline. They show that in the case of cigarette taxes the tax set in any state responds positively to taxes set in neighboring states, but unresponsive to the federal tax. In the case of gasoline taxes the Bottom-up and top-down transfers are the resource transfers from low to high-level governments, and vice-versa. The main conclusions of the relevant literature are that when the federal government pre-commits vis-a-vis the state governments, i.e., centralized leadership, and tax bases are shared between them, then the federal government replicates, at all times, the unitary government's optimal (second-best) tax setting in the presence of transfers, e.g., Boadway and Keen (1996) , Boadway and Tremblay (2006), Kotsogiannis and Martinez (2008) , Sas (2017) . 4 If, however, federal transfers are missing, then the federal government cannot replicate the unitary government's second-best policy outcome, e.g., Keen and Kotsogiannis (2002) . 5 When tax bases do not perfectly overlap, then under centralized leadership the federal government cannot replicate the unitary government's second-best policy, even in the presence of federal transfers, e.g., Koethenbuerger (2008) . 6 The objective of the paper is to re-examine the issues of the vertical …scal externality and of the bottom-up/top-down transfers, and their relationship in a model of a multi-states, or jurisdictions, federal economy with federal-cum-state speci…c factor taxes, and where capital and labor are in variable supplies. Variable supply of capital is due to international mobility, across the states of the federation as well as between the federation and the rest of the world. The supply of labor is variable due to endogenous labor-leisure decision. Speci…c capital and labor taxes by the federal government …nance the provision of a federal public consumption good, and speci…c capital and labor taxes by a state government …nance the provision of a state public consumption good. Within this framework, we …rst derive the state's simultaneous optimal setting of capital and labor taxes. We show that when labor and capital are substitutes in production, the optimal policy for a representative state calls for a capital and a labor tax. Then, we examine the impact of the capital and labor tax setting behavior by a state on the provision of the federal public consumption good, i.e., the vertical …scal tax set in any state is unresponsive to taxes set in neighboring states, but responsive to the federal tax and this response can be of either sign. Reingewertz (2018) provides evidence for the in ‡uence of federal tax shocks on state tax revenues. Boadway and Tremblay (2012) provide a general review of the theoretical and empirical literature on …scal federalism. 4 Pre-commitment, or so-called central leadership, by the federal government refers to the case where it acts as a Stackelberg leader. 5 Hau ‡er and Lülfesmann (2015) show, in a sequencial game, that the optimal choice of the federal tax rate in the …rst stage mitigates externalities that local taxes create. Hoyt (2001) examines the optimal federal tax and trasnsfer policy when higher and lower tier governments share tax bases, but neither level of government can pre-commit when setting policy instruments (simultaneously determined policies). 6 Köthenbürger (2004 Köthenbürger ( , 2007 within a context where the federal government does not have access to a tax policy instrument, examines the optimal transfer policy with or without pre-commitment by the federal government. Dréze et al. (2007) examine, within a federation, the e¢ ciency of voluntary matching grants schemes in terms of redistribution under perfect labor mobility.
externality. When capital and labor are substitutes in production, the sign of the vertical …scal externality can be reversed from negative to positive, implying ine¢ ciently low instead of high non-cooperative capital taxes. Intuitively, when state governments raise their own speci…c capital tax rates, capital leaves the federation and, on the one hand the capital tax base of the federal government contracts and as a result federal tax revenues fall. According to the relevant literature this result leads to ine¢ ciently high non-cooperative speci…c taxes. On the other hand, a rise in state capital taxes increases labor supply when capital and labor are substitutes in production.
This expands the labor tax base of the federal government, and the total federal tax revenues can increase. Thus, when capital and labor are in variable supply and taxes are speci…c, the vertical …scal externality, under plausible conditions, can be reversed from negative to positive.
We examine a unitary government's optimal rule, i.e., second-best optimum, for the provision of the local and federal public consumption goods, and we show that the federal tax-transfer policy can achieve this second-best optimum under centralized leadership. The optimal federal tax-transfer policy when capital and labor are substitutes in production requires a capital tax and, possibly, a top-down transfer. When capital and labor are complements in production the optimal federal policy is a capital subsidy, while transfers are bottom-up. Consequently, the relationship in production between capital and labor in variable supply is the driving force of our results.
The Model
Consider a federal economy with N symmetric states, populated with K 1 identical and immobile across states individuals. Since households are assumed identical, following standard practice, we normalize K = 1, thus N also denotes the overall population of the federal economy. The federal economy is assumed small in world commodity and capital markets. Thus, in the federation, all commodity and factor markets are perfectly competitive, and commodity prices of the internationally traded goods and the rate of return to the internationally mobile capital are …xed and exogenous.
In a representative state, M freely tradable consumption goods are produced, and production technologies are assumed identical across all states. Several primary factors are used in the production of the traded goods, among which, capital (K), and labor (L), are in variable supply. The supply of capital is variable due to international mobility, while the supply of labor, an internationally and interstate immobile factor, is variable due to endogenous labor-leisure choice. All other factors are immobile and in …xed endowments.
The production side is represented by the Gross Domestic Product (GDP ) function. The GDP function is given by R(p; K; L; ) = max
and denotes the maximum value of output production at world commodity prices p, given the country's domestic supply of capital K, employment L, and the vector of supplies of all other factors . F (X; K; L; ) is the aggregate production possibilities set, where X is the vector of goods produced. Hereon, because we assume that commodity prices and supplies of all other factors are …xed, p and are suppressed as arguments in the GDP function, which reduces to R(K; L). 7 K = K + k is the supply of capital in the representative state, K is the state's own capital endowment. If k < 0, the state is a net capital exporter to all other states of the Federation and to the rest of the world, and if k > 0, the state is a net capital importer. The derivatives of the R(:) function with respect to K and L, i.e., R K = @R=@K and R L = @R=@L, respectively, denote the marginal revenue products of capital and labor. Strict concavity is assumed of the R(:) function with respect to K and L, i.e.,
A representative household derives utility from the consumption of the traded goods, leisure (l), and the two public consumption goods, all of which are considered normal in consumption. 8 A "state" public consumption good (g) provided free of charge by the state authority to its residents, and a "federal" public consumption good (G) provided free of charge by the federal authority to the residents of all states in the federation. Both these goods are internationally traded and their prices are given. The representative household's preferences are depicted by the minimum expenditure function E(g; G; L; u) = min
. It denotes the minimum expenditure on the traded goods required to attain a given level of utility (u); given the levels of leisure (l = 1 L), and of consumption of the state and federal public goods, g and G. The …xed commodity prices are tacitly omitted as arguments from the E(:) function. The derivatives of the E(:) function, E g and E G are negative implying that an increase in the consumption of the state and federal public consumption goods reduces the expenditure on private goods required to achieve a given level of utility u, e.g., Kotsogiannis et al. (2005) and Raimondos-Møller and Woodland (2006). Thus, E g > 0 and E G > 0 denote respectively the so-called marginal willingness to pay for the consumption of the state and federal public goods, and E gg < 0 and E GG < 0. The derivative E u , is the inverse of the marginal utility of income, and E L captures the representative household's reservation wage, denoted by e w, i.e., E L = e w, e.g., Anderson and Neary (2016). 9 The E(:) function is strictly convex in L, i.e., E LL > 0, implying that an increase in labor supply, reduces leisure and thus it increases the reservation wage. 10 Employment is endogenous and workers supply labor until the reservation wage, i.e., E L (:), equals the net wage received. The latter is de…ned as the marginal revenue product of labor, i.e., R L (:), minus the wage taxes paid to the state and federal governments. Thus, the representative state's labor market equilibrium condition can be written as:
where (= s + S), is a consolidated labor tax, and s is the state speci…c labor tax and S is the corresponding federal one.
Because of the assumed international mobility of capital, equilibrium in the state capital market requires that the net rate of return to capital, i.e., the marginal revenue product of capital minus the consolidated capital tax (= t + T ), is equal to its world rate of return ( ). 11 . t is the state and T is the federal speci…c capital tax. 12 That is:
The state and federal governments …nance the provision of the public consumption goods, g and G, respectively. State tax rates (t; s) are the strategic policy instruments of the state government, while federal taxes (T; S) and resource (income) transfers F are the strategic policy instruments of the federal government. For simplicity, we assume that there are no horizontal, i.e., among states, resource transfers, that the prices of g and G is one, and that both levels of government maintain a balanced budget. The state and the federal budget constraints are, respectively, given by:
where F , the "vertical" lump-sum transfer between the federal and the state governments, can be either positive (F > 0) or negative (F < 0). Totally di¤erentiating the budget constraints (3) and (4) we obtain the following comparative statics results:
where
, and by the properties of the GDP and minimum expenditure functions,
Equations (A.1), (A.2) and (A.3) in the Appendix provide detailed derivations and the analytical expressions of these results. We adopt the plausible assumptions that g t > 0 and G T > 0, i.e., a higher state/federal capital tax increases the provision of the state/federal public consumption good. This assumption requires (K + ) > 0 and (K + A) > 0. 13 The sign of G t is ambiguous depending on whether R KL > 0(< 0), i.e., on whether K and L are complement (substitute) factors in production. 14 Speci…cally, G t < 0 if R KL > 0, and
To close the model, the representative state's income-expenditure identity requires that private spending on traded goods equals income from production minus capital and labor taxes and payments to capital from other states and the rest of the world used domestically, or plus the capital receipts for its capital employed abroad. That is:
Optimal State Capital and Labor Taxes
First, we examine a representative state's simultaneous setting of capital and labor taxes that maximize its own welfare, assuming a passive Federal government in terms of its tax setting behavior.
Di¤erentiating equations (3), (4), and (6) with respect to (t, s), assuming dS = dT = dF = 0, and using equations (A.2), we obtain:
Setting E u du dt = E u du ds = 0 and solving simultaneously, the optimally set capital and labor taxes are given by:
and
Assuming that jE g j > 1; implying that the marginal willingness to pay for 1 4 Di¤erentiating the equilibrium condition (2) we obtain
, implying complementarity (substitutability) of the two factors in production. Note that by the properties of the GDP function RKL = RLK . In a two factors model, K and L must be substitutes, while in models with more than two factors, e.g., Smith (1999) , K and L can be complements or independent in production e.g., Koethenbuerger (2008) . the provision of the state public good is higher than its unit cost, that is, the public consumption good is under-provided. 15 Equations (8) indicate that when capital and labor are substitutes in production, i.e., R LK < 0, then (i) in the absence of a federal government, i.e., T = S = F = 0 (and so G = 0), the representative state's optimal policy is jointly a capital and a labor tax, 16 and (ii) the presence of federal government, i.e., T > 0, S > 0 (and so G > 0), but passive in terms of its tax/transfers setting behavior, i.e., dS = dT = dF = 0, lowers the jointly optimal state taxes.
Based on the above, we state the following Proposition. 
Benchmark Case: The Unitary Government
Next, we consider the equilibrium outcome pursued by a single, i.e., unitary, government, whose objective is to maximize the federal welfare W = N u by choosing , subject to the consolidated government budget constraint:
This analysis serves as a benchmark case to the alternative equilibrium setting of capital taxes by both levels of government, to be examined later on. 17 Di¤erentiating the federal welfare function W = N u with respect to the capital tax , treating labor taxes exogenous, and using equations (1), (2) and (6) we obtain: 18
Furthermore, from equation (9) we have:
Combining equations (10) and (11), using equations (A.2), and assuming that dG = 0, the …rst order condition for the optimal provision of g requires that the optimal capital tax is chosen so that:
We assume that (dg=d ) = g = ( + K) is positive, i.e., a higher capital tax by the unitary government increases the provision of the state/federal public consumption good. Following a similar procedure, assuming dg = 0, the …rst order condition for the optimal provision of G requires that the capital tax is set so that:
where we de…ne N E G to be the federal marginal willingness to pay for the federal public consumption good, and dG d = G = N g . Combining the …rst-order conditions (12) and (13), yields the standard optimality rule for the provision of g and G as follows:
That is, the unitary government is indi¤erent between spending a dollar for the provision of g or G when the marginal willingness to pay for the provision of a state's public consumption good equals the federal marginal willingness to pay for the federal public consumption good. The optimality rule (14) determines the unitary optimal capital tax ( ) so that the Marginal Cost of Public Funds (MCPF), i.e., K g ; equals the marginal willingness to pay for the state public consumption good and the federal marginal willingness to pay for the provision of the federal public consumption good. 19 Thus, equation (14) determines the unitary second-best optimum. 20 We can state:
Lemma 1 At the unitary optimum, the speci…c capital tax is set so that the marginal willingness to pay for the state public consumption good equals the federal marginal willingness to pay for the federal public consumption good, which are equal to the marginal cost of public funds.
Capital Taxes and Vertical Fiscal Externality
Next, we consider the vertical …scal externality, which is the impact of the tax setting behavior of the representative state government on the provision of the federal public consumption good, i.e., sign(G t ) given in equations (5). As reviewed, Boadway and Keen (1996) , and Keen and
Kotsogiannis (2002) demonstrate that the sign of the vertical …scal externality is unambiguously negative when taxes are speci…c and only one factor of production is in variable supply. We revisit these results in the case of endogenous capital and labor supplies and speci…c factor taxes. For expositional clarity of the results, we consider the case of a federal economy with two identical states (N = 2), e.g., Home and Foreign. Thus, we examine the vertical …scal externality due to the tax setting behavior of one state, e.g., say t of Foreign, on the provision of the federal public consumption good, and on the welfare level of Home, i.e., du=dt . Using equations (5), the e¤ect of changes in t on G is given as follows:
where = due to the symmetry assumption and is negative (see equation A.1 in the Appendix).
An increase in t by Foreign, on the one hand, causes a capital out ‡ow from the federation that reduces capital tax revenue i.e., T Z L L < 0; and on the other hand, it causes an ambiguous e¤ect on labor tax revenue depending on the relationship between capital and labor in the production. For example, if R L K is positive, i.e., when K and L are complements in production, then the higher labor tax t reduces labor tax revenue, since a capital out ‡ow will reduce employment. Thus, the level of federal pubic good provision falls, i.e., G t < 0. If, however, R L K is negative, i.e., K 2 0 A similar optimality rule for the provision of g and G is obtained when the unitary government, for given rate of the capital tax , chooses the labor tax so as to maximize W = N u subject to the consolidated budget constraint in (9) . In this case, the optimality rule is Eg =
= N EG, where = 1 ( RKK + RKL) and
The interpretation of this rule is the same as the one for equation (14) .
and L are substitutes in production, then a capital out ‡ow increases employment and labor tax revenue. In this case the total e¤ect of an increase in t on G is ambiguous. The e¤ect on Home's welfare due to the change in t is obtained by totally di¤erentiating equation (6) and making use of (15) as follows: 21
Equations (15) and (16) indicate that in the present context of variable labor and capital factor supplies, even the change of a speci…c capital tax by one state entails an ambiguous impact on the provision of the federal public good, and on the welfare of the other state i.e., the change of a state capital tax entails an ambiguous vertical …scal externality. If R L K is positive, then an increase in t by Foreign entails an unambiguously negative vertical …scal externality. This is to say that the non-cooperative equilibrium capital tax t is ine¢ ciently high relative to the cooperative one. 22 If, however, R L K is negative, i.e., K and L are substitutes in production, then the change of t by Foreign leads to a positive vertical …scal externality if
In this case, the non-cooperative equilibrium capital tax is ine¢ ciently lower compared to the cooperative one. That is, if the increase in labor tax revenue due to capital out ‡ow is larger than the decrease in capital tax revenue, then the increase in t increases the federal tax revenue. Thus, the higher t has a negative (ambiguous) e¤ect on Home's welfare when R L K is positive (negative). 23 We state the following Proposition:
Proposition 2 An increase in the speci…c capital tax t by Foreign entails a positive vertical …scal externality and leads to a higher Home welfare if capital and labor are substitutes in production and the following condition holds:
Totally di¤erentiating equation (6) (16). 2 2 The cooperative equilibrium capital tax rate of each country is obtained by maximizing the two countries joint welfare. To obtain the cooperative capital tax rates t and t we simultaneously solve the …rst-order conditions is negative (positive) at the non-cooperative equilibrium, this implies that the slope of the joint welfare function is negative (positive) at the non-cooperative equilibrium. Thus, the non-cooperative equilibrium capital tax is ine¢ ciently high (low), i.e., t non coop > (<) t coop . 2 3 Alternatively, a similar e¤ect can be obtained by changing Foreign's labor tax s , treating t constant, on Home's welfare which is given as Eu
. Again, the higher s has a negative (ambiguous) e¤ect on Home's welfare when R K L is positive (negative).
Proof. see equations (A.4) in the Appendix.
< 0, respectively are the elasticities of the reservation wage and of the marginal revenue product of labor with respect to employment, and using equation (1)
, the ratio of the reservation wage to the marginal revenue product of labor is less than 1 in the presence of a labor tax. Also,
, is the elasticity of the marginal revenue product of labor with respect to capital, and its sign depends on the relationship between capital and labor in the production.
A positive vertical …scal externality is more likely to emerge when labor and capital are "strong" substitutes, the elasticities of the reservation wage and that of the marginal revenue product of labor with respect to labor are small, and federal labor taxes are high relative to capital taxes.
Intuitively, when capital and labor are substitutes in production, then an increase in Foreign's capital tax causes capital out ‡ow from the federation but increases labor supply and employment.
If condition (15) holds, then the increase in the wage tax revenue is larger than the decrease in the capital tax revenue, leading to an increase in the level of the federal public good. Thus, taxing labor income is a crucial factor in obtaining the above result. 24 
Federal tax-transfers with centralized leadership
We now address the issue of resource transfers between the di¤erent levels of government. Previous studies using models with one factor of production in variable supply, conclude that with speci…c taxes and under centralized leadership, resulting to negative vertical …scal externality, the federal government sets a negative speci…c tax on the rate of return to the factor in variable supply, which can lead to bottom-up transfers, e.g., among others Boadway and Keen (1996) . Subsequent studies demonstrate that with ad valorem taxation the above results can be reversed if the demand for the factor in variable supply is inelastic, e.g., Kotsogiannis and Martinez (2008) , Karakosta (2010) , and Sas (2017). We revisit these results in the case of variable labor and capital supplies and speci…c factor taxes. We consider a two-stage game where the two levels of government pursue separately the setting of …scal policy, e.g., the choice of capital taxes t and T , treating as exogenous the rates of federal and state labor taxes S and s. We assume that the federal government holds a …rst mover's advantage vis-a-vis all states, i.e., centralized leadership. In the …rst stage the federal government chooses the capital tax rate T and the level of the vertical transfer F in order to maximize the federal economy's cumulative welfare level W = N u. In the second stage a typical state government chooses its own speci…c capital tax t, in order to maximize its own welfare u, given T and F . As standard practice calls for, the sub-game perfect equilibrium is solved backwards.
Starting with the second stage of the game, the optimal speci…c capital tax for a typical state is determined by totally di¤erentiating the income-expenditure identity (6) and setting the …rst-order-condition equal to zero. Doing so we obtain:
Changes in t o due to changes in T and F are obtained by totally di¤erentiating the …rst-ordercondition H t = 0 with respect to t, T and F to get:
where H tt , and H tT are de…ned in equations (A.5) in the Appendix, which provide details of these derivations. The second order condition for welfare maximization requires that H tt < 0, and by the assumptions of our model H tF = (K + ) E gg < 0. Thus t F < 0; implying that a top-down transfer reduces the state's capital tax rate. The sign of t T is ambiguous.
In the …rst stage of the game the federal government chooses T and F in order to maximize W = N u, accounting now for the adjustments in the state capital tax t due to the changes in T and F . Using equation (6), the …rst-order conditions for the optimum T and F are given as follows:
Equations (A.6-A.10) in the Appendix provide the details of this derivation. 25 The …rst-order condition for the optimum T , can be further written as:
Equation (22) indicates that when G t (1 + t T ) < 0 (> 0), then the marginal willingness to pay for the provision of the state public consumption good is lower (higher) than that for the federal public consumption good, i.e.,
The …rst-order condition for the optimum F , in equation (21), determines the direction of the inter-governmental transfer F , in the presence of the vertical …scal externality, variable labor and capital supplies, and speci…c factor taxes. This condition can be further written as:
Since t F is negative, equation (23) indicates that the direction of the transfer between the state and the federal government depends on the sign of G t . The sign of G t , depends on the relationship between K and L in production, see discussion of equations (15) and (16) . If G t > 0, then,
That is, the increase in the federal labor income tax revenue due to the increase in the state capital tax is larger than the decrease in federal capital income tax revenue, leading to an increase in the federal public good, making its level too high. In this case, the transfer should go from the federal to the state government, i.e., a top-down transfer. Intuitively, the transfer should go from the government providing the public good with lower marginal willingness to pay for its provision, in this case being the federal government, to that providing the public good with higher marginal willingness to pay for its provision, in this case being the state or regional government.
The transfer will a¤ect the state capital tax and the vertical externality. Since G t t F < 0; the transfer reduces the vertical externality. If G t < 0, then, E g < N E G . In this case the increase in the state capital tax reduces the provision of the federal public good, making its level too low.
The transfer should go from the state to the federal government, i.e., a bottom-up transfer.
Combining the …rst-order conditions (20) and (21) it is easily shown that the optimal federal capital tax (T op ) is determined by setting G t = 0 and is given as follows:
where the elasticities, LK , " LL and LL , and the ratio are equivalently de…ned to the corresponding terms in optimality condition (17) due to the assumption of symmetric states. Observing equation (24) we can conclude the following. First, T op is a capital tax (subsidy) when capital and labor are substitutes (complements) in production. Second, the optimal federal capital tax or subsidy rate is high if S, L, and LL , are high and K, LK , " LL , and are low. When the federal government chooses simultaneously its capital tax and transfer, then conditions (20) and (21) replicate the unitary second-best optimum in (14) since E g = N E G . The following Proposition summarizes the above results.
Proposition 3 Under centralized leadership the federal government achieves the second-best optimum by setting (i) a capital subsidy and bottom-up transfers when capital and labor are complements in production, and (ii) a capital tax and, possibly, top-down transfers when capital and labor are substitutes in production.
Consider the case where capital and labor are substitutes in production, thus, the optimal policy calls for a federal capital tax. If, for example, the federal public good is worthless, i.e., G = 0, then equation (4) indicates that F > 0, implying a top-down transfer. 27 Koethenbuerger (2008) in a context of no tax base co-sharing and with capital and labor in variable supplies but independent in production, shows that while the federal government improves e¢ ciency by pre-commiting to its policy, i.e., centralized leadership, is not able to replicate the unitary government's second-best optimum. In this paper we show that with co-sharing of tax bases and variable supplies of capital and labor, the federal government by pre-commiting to its policy achieves the unitary government's second-best optimum. 28 In the present framework, it is the relationship in production between capital and labor which is crucial for the sign of the federal capital tax and direction of the federal-state resource transfers.
Concluding Remarks
We reconsider the vertical …scal externality and the direction of federal-state transfers, and their relationship in a model of a multi-states federal economy with federal-cum-state speci…c factor taxes and variable supplies of labor and capital in production. The supply of labor is variable due to endogenous labor-leisure decision and the supply of capital is variable due to its international mobility. We show that, …rst, when capital and labor are substitutes in production, then, (i) the optimal policy for a representative state calls for a capital and a labor tax, and (ii) the vertical …scal externality can be reversed from negative, implying ine¢ ciently high non-cooperative speci…c capital taxes, to positive, implying ine¢ ciently low non-cooperative speci…c capital taxes. Second, with co-sharing of tax bases and variable supplies of capital and labor, the federal government by pre-commiting to its policy achieves the unitary government's second-best optimum. Speci…cally, with an exogenous labor tax, when capital and labor are complements in production, then the second-best optimum is achieved with a capital subsidy and bottom-up transfers. However, when they are substitutes in production, the second-best optimum is achieved with a capital tax and possible top-down transfers.
from which we obtain:
KK R KL is negative, and Z LL = E LL R LL is positive by the properties of the E(:) and R(:) functions. The sign of R LK = @R L =@K depends on the relationship between K and L in production. The total di¤erentiation of the equilibrium condition (2) gives
, then K and L are substitutes (complements) in production. In the two factors model R KL < 0, i.e., K and L are substitutes in production. In a model with more than two factors, however, we can have K and L being complements in production, i.e., Comparative statics results for equations (5) Total di¤erentiation of the state and federal governments budget constraints with respect to the capital taxes (t and T ) gives:
, and
Using the results in (A.2) where = t + T , we obtain the expressions in the text.
Comparative statics results for equation (17) The sign dG dt and sign du dt , in equations (15) and (16) respectively, depend on the sign (SR L K + T Z L L ) in the right-hand-side of these equations. Recall that by equations (A.1), the determinant is negative. Then, straightforward algebra produces the following result: 4) then, the condition (17) emerges.
Derivation of equations (19)
Totally di¤erentiating the …rst order condition H t = 0 with respect to t, T and F we get:
from which equations (19) in the text are obtained, and
(K + ) E gg g t E g t (E g + 1) 1st-stage comparative statics: Derivation of equations (20) and (21) The …rst-order condition (20) can be written as: 6) where by totally di¤erentiating the two government budget constraints, equations (3) and (4) Substituting equations (A.7) into equation (A.6) and recalling that H t = 0 =) E g ( + K) = K;
gives equation (20) in the text. Similarly, the …rst-order condition (21) can be written as:
Totally di¤erentiating the two government budget constraints, equations (3) and (4) .10) and recalling that H t = 0 =) E g = (1 + E g ) K, gives equation (21) in the text.
